ABSTRACT

1986].

G = [V ∪ , , E n m s source t sink V intermediate vertices.

e in E l(e u(e 0 ≤ l(e) ≤ u(e cost(e).

bounds.

A v_0 − v_r path p in G v_0 v_r e_0 e_{r − 1} e_i = (v_i , v_{i +1} i = r − v_0 − v_r path p cost(p_{i = 0}Σ^{r − 1}cost(e_i covering G s − t e

u(e u(e) ≥

Problem CP_1 . . G Problem CP_2 . .

Problem CP_3 . . G.

e, l(e) = u(e) l(e) = u(e) ≤ l(e) ≤ u(e) Problem CP_1 CP_2 and CP_3

positive-flow minimum-flow

lem CP_1 O(mn log n CP_2 and CP_3 O(n^2 (m + n log n n balancing

circulation O(n(m + n log n Chinese-postman O(n^5 O(mn log n

CP_1^{( j)} remains CP_i^{( j)}, i = j =

positive-flow

A G = [V ∪ , , E E cost( f_{e∈ E}Σ f(e)cost(e vin G fis

β(v, f) =_{(v,w)∈ E}Σ f(v, w) −_{(u,v)∈ E}Σ f(u, v)

value( f β(s, f). A flow on G f l(e) ≤ f(e) ≤ u(e e in E index β(v, f vin V.

Problem F_1 . . G Problem F_2 . . G Problem F_3 . . G

e ≤ l(e) ≤ u(e) .

f_0 is basic e in E, f_0 (e) = l(e l(e edge e V S (surplus), B D v S, B D β(v, f_0 f_b is balancing if f_b (e) ≤ u(e) − l(e e in E, and β(v, f_b ) (v, f_0 v in V

f G f = f_0 + f_b f_0 is f_b G.

Proof. Let f_b l(e) ≤ f_0 (e) + f_b (e) ≤ u(e e in E β(v, f_0 + f_b β(v, f_0 β(v, f_b v, f_0 + f_b f on G f_b = f − f_0 f_0 l(e) ≤ f(e) ≤ u(e e in E, f_b v, β(v, f_b β(v, f) (v, f_0 (v, f_0 f_b G

F_i i =

Problem BF_1. . G Problem BF_2. .

Problem BF_3. . G

G on G G G vertex s′ t′to G G: s′, s t, t′).

vin S s′, v u _ (s′, v) (v, f_0 ).

win D w, t′ u _ (w, t′) (w, f_0 ). G G e in G u _ (e) = u(e) − l(e s′, s t, t′ G has O(m O(n F on G induced preflow f on G f(e) = F(e e ∈ E

f G u v, w E is u _ (v, w) = u(v, w) − f(v, w v, w E w, v w, v G with u _ (w, v) = f(v, w R( f f set V s t v, w u _ (v, w u _ (v, w) > in R( f Δ(v, w) = cost(v, w v, w) ∈ E Δ(v, w) cost(w, v w, v) ∈ E.

Let f G R( f f R( f value( ) − value( f). G G

G u _ (s′, s u _ (t, t′ F_1 on G R_1 u _ (s′, s) and u _ (v, s′) = 0, v ∈ S R_1 R_1 f_2 on R_1 R_2 F_2 = F_1 + f_2.

value(F_2 ) <_{w ∈ D}Σ β(w, f_0 G. u _ (s′, s) = F_2 (s′, s u _ (t, t′) in R_2 R_2 f_3 on R_2 F_3 = F_2 + f_3.

value(F_3 )_{v ∈ S}Σ [ (v, f_0 G.

f_b F_3 on G f = f_b + f_0 f_0 f G. S and D s or t

D s S using t Let f_b * G μ* F_1 * on G with u _ (s′, s) = u _ (t, t′) = value(F_1 *) =_{w ∈ D}Σ β(w, f_0 ) *; F_2 * on G with u _ (s′, s) and u _ (t, t′) = value(F_2 *) =_{w ∈ D}Σ β(w, f_0

F_3 * on G with u _ (s′, s) * and u _ (t, t′) value(F_3 * μ* +_{v ∈ S}Σ [ (v, f_0

Proof. F_3 * on G with u _ (s′, s) * and u _ (t, t′) F_3 *(e) = f_b *(e e ∈ E F_3 *(s′, s μ*, F_3 *(s′, v β(v, f_b *), v ∈ S, F_3 *(t, t′) (t, f_b *), and F_3 *(w, t′ (w, f_b *), w ∈ D F_3 * G with u _ (s′, s) * and u _ (t, t′) .

F the derived G from f_b * f_b * value(F_3 * F_3 *(s′, s) +_{v ∈ S}Σ F_3 *(s′, v μ* +_{v ∈ S}Σ β(v, f_b * μ* +_{v ∈ S}Σ [ (v, f_0

f_b * along v− t v ∈ S f _ b * has β(t, f _ b * F_2 * f _ b * on G with u _ (s′, s) and u _ (t, t′) = f_b * v in S were f_b *, F_2 *(w, t′ (w, f _ b * (w, f_b * β(w, f_0 ), w ∈ D value(F_2 *_{w ∈ D}Σ F_2 *(w, t′_{w ∈ D}Σ β(w, f_0 f _ b * along s − w w ∈ D f _ b * has β(s, f _ b *) = F_1 * f _ b * on G with u _ (s′, s) = u _ (t, t′) = have value(F_1 *_{w ∈ D}Σ β(w, f_0 ) *

G f in time O(mn log n). Proof. G f_b f G. R_1 u _ (v, s′ v ∈ S.

Since t′ s′in R_2 u _ (v, s′ F_1 (s′, v s t′ R_2, F_2 G with u _ (s′, s) and u _ (t, t′) = 0. G f_b * μ* F_2 * on G with u _ (s′, s) and u _ (t, t′) = value(F_2 *_{w ∈ D}Σ β(w, f_0

F_2 on G with u _ (s′, s ∞ and u _ (t, t′) = value(F_2 ) <_{w ∈ D}Σ β(w, f_0 ) = value(F_2 * G G. G f_b * μ* F_1 * on G with u _ (s′, s) = u _ (t, t′) = value(F_1 *_{w ∈ D}Σ β(w, f_0 ) *

value(F_{2 w ∈ D}Σ β(w, f_0 F_1 G with u _ (s′, s u _ (t, t′

value(F_1 value(F_2 )_{w ∈ D}Σ β(w, f_0 ) value(F_1 *_{w ∈ D}Σ β(w, f_0 ) * *.

Since F_3 G with u _ (s′, s) and u _ (t, t′) G with u _ (s′, s) * and u _ (t, t′) μ* value(F_3 ) < (μ* {_{v ∈ S}Σ [ (v, f_0 } = μ* +_{v ∈ S}Σ [ (v, f_0 G with u _ (s′, s) *

and u _ (t, t′) μ* +_{v ∈ S}Σ [ (v, f_0 G G. F_3 s′, v w, t′), v ∈ S and w ∈ D f_b value( f_b ) * μ* f_b

O(mn log n O(m).

G μ flow f_b, β(s, f_0 ) (s, f_b − [β(t, f_0 ) (t, f_b ν = (t, f_b μ + β(s, f_0 β(t, f_0 ). From G G s′, s t, t′ μand ν, F G F s′or t′ F on G s′or t′ f_b of F

μ cost(F cost( f_b G F on G f_b on G G s′in G L =_{e ∈ E}Σ l(e). . G μ ν G G u _ (s′, s) and u _ (t, t′) .

F on G. F f_b on G.

f = f_b + f_0 f_0 f G. O(mn log n

O(n^2 ), O(m log_{+2} n O(m + n log n

L O(m + n log n O m + n log n)L). L L L O(m(m + n log n L). f O(mn log n + (m + n log n)L O(m(m + n log n L L =_{e ∈ E}Σ l(e).

Proof.

G circulation

from G t, s bounds l(t, s) = 0, u(t, s) f_b on G f_b * on as f_b *(e f_b (e e ∈ E f_b *(t, s β(s, f_0 β(s, f_b β* f_0 G β*(v, f_b * β(v, f_b v ∈ S ∪ D β(s, f_b β(s, f_0 − [β(t, f_b β(t, f_0 β*(t, f_b * β(t, f_b f_b *(t, s β(t, f_b β(s, f_0 β(s, f_b (t, f_0 β*(s, f_b * β(s, f_b ) − f_b *(t, s β(s, f_b ) − [β(s, f_0 β(s, f_b (s, f_0 ).

f_b G then f_b * s and t f_b * to G is f_b to G cost( f_b * cost( f_b . t s G* s′ t′to : vin S ∪ s′, v u _ (s′, v (v, f_0 ).

win D ∪ w, t′ u _ (w, t′ β(w, f_0 ). G G* e in G u _ (e) = u(e) − l(e G* has O(m O(n F on G* f_b * s′ or t′ F G. F on G* f_b * on f_b f_b * to G G. . G . G*. F on G* s′ t′ G.

f_b * from F on . f_b f_b * to G. f = f_b + f_0 f_0 f G.

f O(mn log n + (m + n log n)L O(m(m + n log n L where L =_{e ∈ E}Σ l(e).

f is positive if l(e) = e problems:

Problem F_1 . . G Problem F_2 . . G Problem F_3 . . G s − t paths P f(e e P (if e e f G derived P P is value( f cost( f) = cost(P). f on G s − t s − t f ≡ s − t P P is f f(e) ≥ e in E s − t s − t P. L =_{e ∈ E}Σ l(e m n_{e ∈ E}Σ F(e F is O(mn_{e ∈ E}Σ f_b (e O(mn flows f_{e ∈ E}Σ f(e O(mn O(mn CP_i lems F_i , i = O(mn).

− F_i , i = G m time O(mn F_1 CP_1 O(mn F_i CP_i , i = O(m(m + n log n u(e) e in E F_i and CP_i , i = G: G vin V s − v v− t G. − ′. F_1 CP_1 O(mn F_i CP_i , i = O(m(m + n log n s′ t′ Problems F_i and CP_i , i =

5.1. O(mn log n) Algorithms m O(n(m + n log n n

If m ≥ n log n O(mn log n O(m(m + n log n O(mn log n) when m < nlogn F_i CP_i , i = O(mn log n).

O(n(m + n log n Algorithms F_i , i =

m use

paper. G = (V ∪ ′, t′}, E G v, w ∈ V, v, w f on G is extreme π v, w R( f), π(v) (w) (v, w) ≥ Δ f G π v, w ∈ V v, w) ∈ E, π(v) (w) + cost(v, w) ≥ 0; v, w ∈ V v, w) ∈ E, π(v) (w) + cost(v, w) > f(v, w) = 0; v ∈ S _ , π(s′) (v f(s′, v) = 0;

v ∈ S _ , π(s′) (v f(s′, v) = u _ (s′, v);

w ∈ D, π(w) (t′ f(w, t′) = 0; w ∈ D, π(w) (t′ f(w, t′) = u _ (w, t′).

pseudo-extreme G on G. l s′ t′ l l log m . p ≤ p ≤ l s′, v u _ (s′, v)/2^p w, t′ capacity u _ (w, t′)/2^p v ∈ S _ and w ∈ D

l, l − f p and π f lem p − π

Since f^k π^k v, w) ∈ E, v, w ∈ V, Δ^k(v, w π^k(v)^k(w) (v, w)^k(v)^k(w) + cost(v, w) ≥ v, w ∈ V v, w) ∈ E w, v) ∈ R( f^k), Δ^k(w, v)^k(w)^k(v) (w, v − [π^k(v)^k(w) + cost(v, w Δ^k(w, v) < π^k(v)^k(w) + cost(v, w) > f^k(v, w) = f^k w, v R( f^k Therefore, Δ^k(v, w) ≥ v, w) ∈ R( f^k v, w ∈ V. π^0 ≡ f^0 ≡ f^k π^k s′to t′ R( f^k Δ^k(v, w)^k(v)^k(w) (v, w v, w R( f^k σ^k(v s′to v Δ^k π^{k+1} (v π^k(v)^k(v Δ^k(v, w) ≥ v, w) ∈ R( f^k π^0 (s′) = 0 and Δ^k π^k(s′) = k v in V, π^{k+1} (v s′to v R( f^k Δ f^k R( f^k Δ^k, f^{k+1} π^{k+1}

Proof. Let p(v s′to vin R( f^k_{p(v)}Σ Δ^k(., . π^k(s′)^k(v) +_{p(v)}Σ Δ(., . Δ

R( f^k s v R( f^k Δ Δ^k.

Let (v s′to v Δ^k (and Δ π^{k+1} (v) = π^k(v σ^k(v π^k(v π^k(s′)^k(v_{(v)}Σ Δ(., . π^k(s′_{(v)}Σ Δ(., ._{(v)}Σ Δ(., .

fore, π^{k+1} (v s′to v R( f^k Δ f^{k+1} (v, w) ∈ E v, w ∈ V. π^{k+1} (v)^{k+1} (w) + cost(v, w_{(v)}Σ Δ(., .) −_{(w)}Σ Δ(., . Δ(v, w) ≥

(v)Σ^{Δ(., . Δ(v, w s w R( f k}_{(w)}Σ^{Δ(., . s w}

R( f^k If π^{k+1} (v)^{k+1} (w) + cost(v, w) > R( f^k),_{(v)}Σ Δ(., .) −_{(w)}Σ Δ(., . Δ(v, w) > 0,

i.e.,_{(v)}Σ Δ(., . Δ(v, w) >_{(w)}Σ Δ(., . v, w

R( f^k f^{k+1} (v, w) = f^k(v, w).

f^k(v, w) > w, v) ∈ R( f^k π^{k+1} (v)^{k+1} (w) + cost(v, w) > π^{k+1} (w) − cost(v, w π^{k+1} (w Δ(w, v) < π^{k+1} (v Δ(w, v w, v R( f^k). Therefore, π^{k+1} (v s′to v R( f^k Δ of R( f^k f^{k+1} (v, w) = f^k(v, w) =

max (S _ , D) 2 + log max (S _ , D) v ∈ S

_Σ^{u_(s′, v)} .

Since

v ∈ S

_Σ^{u_(s′, v) = O(m max (}^{S_}^, ^D^{) = O(n),}

max (S _ , D) 2 + log max (S _ , D) v ∈ S

_Σ^{u_(s′, v)}

= O(n log n m ).

O(m + n log n O(n(m + n log n F_i and P_i , i = time O(n(m + n log n O(mn log n

Let m n^{λ 0} ( )^{λ 1} (log log n)^{λ 1}_0 ≤ n(m + n log n O(mn log n λ_0 > 1, n(m + n log n order Ω(mn log n λ_0 = 1,

n lim mn log n n(m + n log n n m = 0.

G_O s t. G f l(e) ≤ f(e) ≤ u(e e in E β(v, f) = vin V O origin O O

(O, v) ∈ EΣ

f(O, v repetition

Problem C_1 . . G Problem C_2 . . G Problem C_3 . . G C_3

O s and t O, v s, v (w, O w, t C_i F_i , i = − Thus, C_1 O(mn log n C_2 C_3 O(mn log n + (m + n log n)L O(m(m + n log n L L =_{e ∈ E}Σ l(e).

Bounds

e in E is l(e) = C_i , i = Let G_O O closed G_O O CP_i , i = G_O: Problem PT_1 . .

Problem PT_2 . .

Problem PT_3 . .

u(e) e in E C_i , i = PT_i , i =

O(mn).

C_1^{( j)} and PT_1^{( j)} O(mn), j = C_i^{( j)} and PT_i^{( j)}, i = O(m(m + n log n j = O(n(m + n log n j = 2.

Problem PT_3

O(mn log n O(n(m + nlogn)log( ter.

Problems CP_i and PT_i i = Proof. PT_3

prob-

PT_3 G O s, O) O, t

PT_3 PT_3 CP_2 CP_3 ;

CP_2 on G t, s

PT_2 s PT_2

time O(mn).

mixed

X_i^{( j)} X = C, F, CP, PT, i = and j = Proof. PT_3 CP_3 and CP_2 CP_2 PT_2 PT_3 is NP

F_i (C_i CP_i (PT_i X_i , X_i X = F, C, P, p, i = follows.

C_i^{( j)}, F_i^{( j)}, CP_i^{( j)} PT_i^{( j)}

script, i = j = m edges, n L =_{e ∈ E}Σ l(e l(e e.

PROBLEM COST PROBLEM COST C_1 , F_1 mnlog_1 , PT_1 ? C_1 , F_{1 1} , PT_1 mn C_1 , F_{1 1} , PT_1 mn

PROBLEM COST PROBLEM COST C_2 , F_2 min {(m+nlogn)L, m(m+nlogn_2 , PT_2 NP-complete C_2 , F_2 m(m+nlogn) CP_2 , PT_2 m(m+nlogn) C_2 , F_2 n(m + n log n ) CP_2 , PT_2 n(m + n log n )

PROBLEM COST PROBLEM COST C_3 , F_3 min {(m+nlogn)L, m(m+nlogn_3 , PT_3 NP-complete C_3 , F_3 m(m+nlogn) CP_3 , PT_3 m(m+nlogn) C_3 , F_3 n(m + n log n ) CP_3 , PT_3 n(m + n log n )

Acknowledgment

References , Mathematical Programming 5 19

algorithms,

SE-2

manuscript.

O(n^2 log n (m + n log n

22. 1 277.

Networks6

SE-5 23 22 Combinatorica 5 255.