and

ABSTRACT

Elements

Contents

ABSTRACT

a and b

a^2 x^2 + b^2 y^2 =

a and b lattice.

Connected.

Thin.

Symmetric. π/ Describable.

tails a = b = 1.

Displacement Distance Residual

minimum-horizontal-displacement minimum-vertical-displacement

(b) (a) (c)

a = b = a = b = a = b =

− 1. A sidered.^3 ∞ NE NNE ENE juncture of

− NE The NNE ENE The NE

Wirth,^6 Pratt,^9 DaSilva,^{10}

11 NNE ENE − NNE ,− ENE NNE ENE octant.^2 1, 5 6 7 and 10

1 NE P E EVor EH cen- S SVor SH SE

E P

SV

SH

EH H ______________ ______________

______________ ______________

______________ ______________

______________ ______________

SV SH S ENE SV with P − H SV SV. SH P lies x SH SH and SE SE. P x EV EV EV EH EH

SV EH 7 and 20 10 and 18

x := 0 y := b

while y > 0

mark (x,y) if then

    else if then
    else if then
    else
while x ≤ a

mark (x,y)

y > SH and EV P xaxis. xaxis.

meets e as

e(x, y) = b^2 x^2 + a^2 y^2 − a^2 b^2

e(x, y) =

: : : e(x+^1⁄2, y− > 0 e(x+^1⁄2, y) ≤ 0 e(x+ y−^1⁄2) ≤ 0

e = e a^3 , b^3 a and b

if

sion e(x+^1⁄2, y−^1⁄2) − (a^2 + b^2 )/4.

e(x+ y−^1⁄2) ≤ EV} e(x+^1⁄2, y−^1⁄2) + e(x+ y−^1⁄2) − e(x+^1⁄2, y−^1⁄2) ≤ 0 e(x+^1⁄2, y−^1⁄2) + b^2 (x+^2 − b^2 (x+^1⁄2)^2 ≤ 0 e(x+^1⁄2, y−^1⁄2) − (a^2 + b^2 )/4 + (a^2 + b^2 )/4 + b^2 (x+^2 − b^2 (x+^1⁄2)^2 ≤ 0 e(x+^1⁄2, y−^1⁄2) − (a^2 + b^2 )/4 + b^2 x a^2 /4 − b^2 e(x+^1⁄2, y−^1⁄2) − (a^2 + b^2 )/4 + b^2 x a^2 /4 (a mod − b^2

larly

e(x+^1⁄2, y) ≤ EH} e(x+^1⁄2, y−^1⁄2) − (a^2 + b^2 )/4 + (a^2 + b^2 )/4 + e(x+^1⁄2, y) − e(x+^1⁄2, y−^1⁄2) ≤ 0 e(x+^1⁄2, y−^1⁄2) − (a^2 + b^2 )/4 + a^2 y b^2 /4 e(x+^1⁄2, y−^1⁄2) − (a^2 + b^2 )/4 + a^2 y b^2 /4 (b mod

__________________ x,y x+^1⁄2,y− a = b, y ∼= a x ∼= e(x,y) ∼= (∂ ∂y)Δy ∼= 3a^3 e(x,y a >^{31} /^{1/3} a > 894.

e(x+^1⁄2, y− > SH} e(x+^1⁄2, y−^1⁄2) − (a^2 + b^2 )/4 + (a^2 + b^2 )/4 +e(x+^1⁄2, y− − e(x+^1⁄2, y−^1⁄2) > 0 e(x+^1⁄2, y−^1⁄2) − (a^2 + b^2 )/4 − a^2 y b^2 /4 − a^2 e(x+^1⁄2, y−^1⁄2) − (a^2 + b^2 )/4 − a^2 y b^2 /4 (b mod − a^2

e(x+^1⁄2, y−^1⁄2 t = e(x+^1⁄2, y−^1⁄2) − (a^2 + b^2 )/

x := 0 y := b t := b^2 (x^2 + x) + a^2 (y^2 − y) − a^2 b^2

while y > 0

mark(x,y)

if t + b^2 x a^2 /4 (a mod − b^2 {e(x+ y−^1⁄2) ≤ EV}

x 1 t b^2 x +

t + a^2 y b^2 /4 (b mod e(x+^1⁄2, y) ≤ EH} x 1 t b^2 x +

t − a^2 y b^2 /4 (b mod − a^2 {e(x+^1⁄2, y− > SH} y 1 t a^2 (− 2y+

else

x 1 y 1 t b^2 x + + a^2 (− 2y+

while x ≤ a

mark(x,y) x 1 a or b is zero. x EH b = 0. EH y =

t t

Rescuing EH

12

6

NNE and ENE 5 10 9 4 5 The 6

a = 15, b = 1.

7 and 18 overlooked. 9

13 6 fellow

__________________ y x e Vand H

References

20 2 6 Com- 10

,

cations 4 4 19

Practice Fundamen- (1985).

−

a ≥ b figuration 13 a ≤ 13 19 a < b.

− NNE − ENE octant.

1 b

a (4,4) 2 b

a (15,4) 3

X

4

X

5 b

a (8,4) 6 b

a (2,2)

7 b

a (9,2) 8

X

9

X

10 b

a (10,9) 11 b

a (0,0) 12 b

a (3,1)

13

?

14

X

15

X

16 b

a (1,0) 17 b

a (1,1) 18 b

a (49,10)

19 b

a (7,0) 20 b

a (2,1) 21 b

a (2,2)

≥ ≥ 8b^2 > 0. a − x = a − / a > y^2 = b^2 − (a −^{2 2} ) < 1/4

a^2 − 8ab^2 + 4b^2 > 0 Now a a > 4b^2 + 16b^4 − 4b^2 If b >

a > 4b^2 + 4b^2 1 − 4b^2 1

a > 8b^2 − 1/2 + R where 0 < R≤ 8 1 4b^2 1 2 1 − 4b^2 1 − 3/2

Since b R / a a ≥ 8b^2 b b = a >

x,y x y = z gcd(x,a) = gcd(z b) =

a^2 x^2 + 4b^2 z^2 = 1

a = 2b terms, x x,z,a x^2 + z^2 = a^2

1 + 1 ≡ x^2 + z^2 ≡ a^2 ≡ 4, 8, 14 15 X,Y a^2 x^2 +

b^2 y^2 =

a^2

2x +

b^2 2y dx dy = 0

with X = √a^2 + b^2 a^2 , Y = √a^2 + b^2 b^2 (2)

(x_1 ,y_1 ) (X,Y)

(x_2 ,y_2 )

Configurations 4 and 8 (x_1 ,y_1 x_2 ,y_2 1/2 ≤ x_1 ≤ X < x_2 ≤ x_1 + 1/ 0 ≤ y_2 < y_1 − 3/2 < Y ≤ y_1 (4)

(x_1 )^2 + (y_1 )^2 = 1 (x_2 )^2 + (y_2 )^2 = 1

(y_1 − y_2 y_1 + y_2 )^2 = (x_2 − x_1 x_2 + x_1 )^2 x_2 − x_1 ≤ 1/ x_1 + 1/ X + 1/

b^2 a^2 (y_1 − y_2 y_1 + y_2 ) ≤ X + 4 1 y_1 − y_2 > 3/ y_1 ≥ Y: 2 3 b^2 a^2 (Y + y_2 ) < X + 4 1 a^{2 2} = X X < 2 1 − 3 b^2 a^2 y_2

y_2 X < 1/ 4 and 8. a ≥ b 14 and 15.

3 and 9 3 A and B Aand B′ A and B′ X′,Y′ − x_0 ,y_0 ) AB′ a′and b′ x_0, y_0, a′, or b′ Aand B′

(a)

B

A

(X,Y)

_____________ _____________ y_0 (X,Y) B

(b)

(X′,Y′) (x_0 ,y_0 )

B′=(x_0 +^1⁄2,y_0 −^1⁄2)

(x_0 −^1⁄2,y_0 +^1⁄2)=A

a′^2

(x_0 −^1⁄2)^2 + b′^2

(y_0 +^1⁄2)^2 = 1

a′^2

(x_0 +^1⁄2)^2 + b′^2

(y_0 −^1⁄2)^2 = 1 a′^2 and b′^2:

a′^2 = y_0

(x_0 + y_0 x_0 y_0 + 1/

b′^2 = x_0

(x_0 + y_0 x_0 y_0 + 1/

Y′^2 = y_0^2 + 4 1 x_0 y_0 (5) __________________

A AB′ AB a and b

a^2

(x_0 −^1⁄2)^2 + b^2

(y_0 +^1⁄2)^2 = 1 Since x_0 and y_0 a and b X,Y a b decreases, Y AB below A Y < y_0 y_0 < Y′ Y < Y′ a and Y that a > a′ AB AB′ A and B 3 a ≥ b 9 t

of x and y

                            xc and yc
                long a and b

                }

                        incx();

                        incy();

                        incx();
                        incy();
                }
        }
}

Optimization

x ≤ a unless y = NNE arc, ENE x ≤ a.

ENE NNE

a = EH crit3 NNE

Testing 13

a and b

For a = b = For a and b 1

b a a,b b,a

ABSTRACT

Introduction

1

Terminology A , ). Point P is north Q if > of Q if = and >

Point P is northeast Q if P Q northwest. A north(P P P;

and northeast(P P P

e e(a,b,x,y) = b^2 x^2 + a^2 y^2 − a^2 b^2 a > b >0, x-y e(a,b,x,y)= x^{2 2} + y^{2 2} = 1.

y= f(a,b,x x= f(b,a,y f(a,b,x) = b 1 − x^{2 2} ≤ x≤ a <a <b.

If a = b = denoted P V(P and H(P .

Formally, V(P) ≡ −^1⁄2≤ f(a,b, )< +^1⁄2, H(P) ≡ −^1⁄2≤ f(b,a, )< +^1⁄2. P lighted P V(P H(P

f f(a,b,x x x= x=a.

y= f(a,b,x x x= x=a.

P P is lighted. P P east(P), southeast(P), or south(P P and R R P sects (or Q P to R.

a and b Sof P ≥ ≥ a > b >0; y) 0≤ y≤ b a =0;

x 0≤ x≤ a b =0.

T

a = b =

Invariant P P T P.

Precondition: a > b >0 T : P := b)

while ≥ ≤ a

T P

if <a V(east(P →

<a & H(east(P → > H(south(P → > V(south(P → =a → =0 →

else →

Postcondition: T = S f out-

else

H(southeast(P V(southeast(P

Initialization. b b

Termination. a

east(P of P T east(P P adding P to T Vfor H.

P =(a,y a y>1) south(P > = a T P =(x east(P south(P > <a.

southeast(P Q =southeast(P Q of Q

V(east(P −^1⁄2≤ f(a,b, + < +^1⁄2 f(a,b, )< +^1⁄2, f(a,b,east(P).x)<east(P).y+^1⁄2 V(east(P f(a,b, )≥ +^1⁄2 P H(P east(P).V V(east(P H(east(P +^1⁄2≤ f(b,a, )< +^1⁄2 east(P).H P east(P).V

H(east(P H(south(P −^1⁄2≤ f(b,a,y− < +^1⁄2

south(P).V south(P).H

south(P).V intersect P K −^1⁄2, −^1⁄2 , −^1⁄2 H and K − − K − south(P).V south(P).V south(P).H.

Precondition: a > b >0 T : P := b)

while ≥ ≤ a

T P

if <a −^1⁄2≤ f(a,b, + →

<a & +^1⁄2≤ f(b,a, ) → > +^1⁄2> f(b,a, − → =a → =0 →

else →

Postcondition: T = S f e y y≤ f(a,b,x y<0 e(a,b,x,y)≤ e(b,a,y,x)=e(a,b,x,y e f

Precondition: a > b >0 T : P := b)

while ≥ ≤ a

T P

if <a & e(a,b, + −^1⁄2)≤ 0 →

<a & −^1⁄2<0 → <a & e(a,b, +^1⁄2, )≤ 0 → > e(a,b, +^1⁄2, − >0 → =a → =0 →

else →

Postcondition: T = S x≥ a e(a,b,x,y)> x,y)=(a P =(a <a can

Because e(a,b,x+^1⁄2 < x<a = <a =a P =(a

= =a > Since e(a,b,a +^1⁄2,y)> y =a

Precondition: a > b >0 T : P := b)

while ≥ ≤ a

T P

if e(a,b, + −^1⁄2)≤ 0 →

e(a,b, +^1⁄2, )≤ 0 →

else →
      if e(a,b, +^1⁄2, − >0 →
      else →

Postcondition: T = S

a ≥ b > e b, a = a ≥ b ≥ e(a x = b = = b =

b^2 ( +^1⁄2)^2 and a^2 ( −^1⁄2)^2 e h_1 (a,b,x,y)=e(a,b,x+ y−^1⁄2)− a^2 / h_1, h_1 (a,b,x,y) a^2 / h_1 (a,b,x,y) a^2 /4 a mod

Precondition: a ≥ b ≥ 0

let

h_1 (a,b,x,y) = e(a,b,x+ y−^1⁄2) − a^2 /4 h_2 (a,b,x,y) = e(a,b,x+^1⁄2,y) − b^2 /4 h_3 (a,b,x,y) = e(a,b,x+^1⁄2,y− − b^2 /4 T : P := b)

while ≥ ≤ a

T P

if h_1 (a,b,x,y) a^2 /4 a mod 2 →

h_2 (a,b,x,y) b^2 /4 b mod 2 →

else →
      if h_3 (a,b,x,y) b^2 /4 b mod 2 →
      else →

Postcondition: T = S

Discussion 2-6

6

a,b)= a,b)=

9

(Bresenham) generalize

specialize specialize

(Horn) generalize

References 6 Com- 10 19

cations 4

Practice ,

ing 5 (1976). 2

20

ABSTRACT

1

2

Abstract.

Introduction.

understand

3-5

while and if-then-else

Ellipses.

0 < a ≤ b. E )^2 + ( )^2 = 1

a = on.

a ≤ b

P b x y sary. a and b P E

Y = b √ − x + )^2 ) Y y

y − 1/2 < b √ − x + )^2 ) y^2 − y + 1/4 < b^2 − b^2 (x +^{2 2} a^2 y^2 − a^2 y + a^2 /4 < a^2 b^2 − b^2 x^2 − 2b^2 x − b^2 b^2 x^2 + 2b^2 x + a^2 y^2 − a^2 y + a^2 /4 − a^2 b^2 + b^2 < 0

y < 1/ x + 1 > a

y h ≥ h

h = b^2 x^2 + 2b^2 x + a^2 y^2 − a^2 y + a^2 /4 − a^2 b^2 + b^2 y y x ° x =

y x x x and y

y = b^2 (a^2 + b^2 )^{− 1/2} h

g h y − 3/2 < b √ − x + )^2 )

y x h yields g as g = b^2 x^2 + 2b^2 x + a^2 y^2 − 3a^2 y + 9a^2 /4 − a^2 b^2 + b^2 and x g < 0. y y a = b = g g is h. P(a incrementing y x h x,y,a,b for y,x,b,a.

a ≤ b h and g x h

{h = b^2 x^2 + 2b^2 x + k} h := h + b^2 x + {h = b^2 x^2 + 2b^2 x + b^2 + 2b^2 x + 2b^2 + k} x := x + 1 {h = b^2 x^2 + 2b^2 x + k} y h {h = a^2 y^2 − a^2 y + k} h := h − 2a^2 (y − {h = a^2 y^2 − 2a^2 y + a^2 − (a^2 y − a^2 ) + k} y := y − 1 {h = a^2 y^2 + a^2 y + k} g {g = a^2 y^2 − 3a^2 y + k} g := g − 2a^2 (y − {g = a^2 y^2 − 2a^2 y + a^2 − a^2 y − a^2 ) + k} y := y − 1 {g = a^2 y^2 − 3a^2 y + k} k

x, y, h, g := x + y y, h h, g g

where Δh = h(x+ y y) − h(x,y Δg

x := y := h := (a^2 DIV − ba^2 + b^2 ; g := / a^2 − 3ba^2 + b do g < 0 → Mark(x,y

if h < 0 → d := x + b^2 ; g := g + d h ≥ 0 → d := x + b^2 − y − a^2 ;

g := g + d + 2a^2 ; y := y − 1 fi; h := h + d; x := x + 1 od; x := a; y = y; y := h := (b^2 DIV − ab^2 + 2a^2 ; do y ≤ y1 → Mark(x,y

if h < 0 → h := h + y + a^2 h ≥ 0 → h := h + y + a^2 − x − b^2 ; x := x − 1 fi; y := y + 1 od h h larly, g a^2 ) DIV 4.

h a and b interchanged. h x ≥ 1/

a = b =

a = b = ° h a and b

g g = g = a = b, x ∼ 0 and y ∼ a g (∂ ∂y)Δy a^3 31 /^{1/3} estimate.

Mark a = b = 3), Mark

can y = x

Technical

Addison-Wesley, 1982.

,

18 Com- 10 20 2